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1. Motivation and goal

This is effectively a summation over switching functions, see
Eq. !7". Upon increasing the energy E a mode ‘‘opens’’ as a
transmission channel when P(k2 ,. . . ,kn ;E) switches from 0
to 1. The energy of the opening of a transmission channel
can be defined as the energy for which the tunnel integral
#(k2 ,. . . ,kn ;E) vanishes. The transmission probability
P(k2 ,. . . ,kn ;E) switches more slowly the stronger the effect
of tunneling. Depending on the densities of the energies at
which the transmission channels open, and on the intensity
of tunneling, the cumulative reaction probability becomes a
more or less pronounced step function with plateaus at inte-
ger values which give the number of open transmission chan-
nels. This ‘‘quantization’’ of the flux has been seen, e.g., in
the isomerization of ketene.49 The analogous effect for bal-
listic electron transport through narrow constrictions !so-
called point contacts", in semiconductor heterostructures and
metal nanowires, is the quantization of conductance.50,51
Without tunneling, the flux as a function of energy increases
by 1 each time the contour HNF(0,J2 ,. . . ,Jn) sweeps over a
site of the action lattice Ji!$(ni"1/2), i!2,...,n . The com-
plex tunneling path, with its action integral as defined above,
gives the tunnelling correction to this flux quantization in a
way which takes into account the full dynamics.

For the classical system, the ‘‘activated complex’’ de-
fined by q1!p1!0 gives a true invariant subsystem, with
the NHIM being its energy surface. Quantum mechanics
tends to wash out the classical phase space structures, abol-
ishing the invariance of the subsystem. Even so, the lifetimes
of quantum states of the activated complex can be long
enough to become detectable in transition state
spectroscopy.3

III. ISOMERIZATION OF HCN IN THREE DIMENSIONS

We now apply the theory of Sec. II to a classic problem:
the HCN/CNH isomerization reaction. Restricting to vanish-
ing angular momentum, the system has three DOF, the Ja-
cobi coordinates: r !distance between C and N", R !distance
between H and the center of mass of C and N" and % !angle
between H and C as seen from the center of mass of C and
N". The corresponding Hamiltonian is
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where &!mCmN /(mC"mN) is the reduced mass of the CN
diatom, m!mH(mC"mN)/(mH"mC"mN) is the reduced
mass of the full system, and the potential V is taken from
Murrell and co-workers.52 There are two saddle-center-center
equilibria which are relevant for the isomerization. They are
related by reflection symmetry and have %!#%*'#67°, see
Fig. 8.

To these equilibria, we apply the normal form procedure
individually which, for a neighborhood of each equilibrium,
yields explicit maps between the original Jacobi coordinates
and conjugate momenta, (r ,R ,% ,pr ,pR ,p%), and the new
normal form coordinates, (q1 ,q2 ,q3 ,p1 ,p2 ,p3). The normal
form expansion is carried out to tenth order, i.e., the normal
form Hamiltonian may be written as a sum of homogeneous

polynomials of degree up to 10 in the normal form coordi-
nates. Most of our calculations are for an energy 0.2 eV
above the saddle energy. On the corresponding energy sur-
face, we define ‘‘neighborhoods of validity’’ by delimiting
the Jacobi angle according to #%#%*#$6°. The accuracy of
the normal form in the neighborhoods defined in this way is
excellent. As trajectories (integrated with respect to the origi-
nal equations of motion resulting from Hamilton’s equations
with the Hamiltonian !12") pass through these neighbor-
hoods, the integrals I, J2 , and J3 , of the normal form, are
conserved to at least ten decimal places.

The inset in Fig. 8 shows the 4D !in phase space" divid-
ing surface calculated from the normal form for an energy
0.2 eV above the energy of the saddle as its projection to
configuration space. It completely fills the ‘‘bottleneck’’ in
the isopotential surface in configuration space. In fact, the
dividing surface fills the bottleneck not only in this projec-
tion to configuration space but, more importantly, in the full
5D energy surface.

The inset in Fig. 8, moreover, shows the different fates
of two orbits, that are initially very close together, as they
approach the dividing surface. The initial conditions of the
orbits are so close together that they are indistinguishable on
the scale of this picture. In the inset, the two orbits therefore
appear as a single orange-colored trajectory on the CNH side
of the dividing surface, which splits into a green and a red

FIG. 8. Jacobi coordinates r, R, and %, and surfaces of equipotential in 3D,
which run from low !dark blue" to high !light blue" energy. The inset shows
two initially almost indistinguishable orbits !orange-colored as long as their
projections overlap; red and green after they split" with energy 0.2 eV above
the saddle. They start on the CNH side of the dividing surface, which is
shown as the white translucent object and which has the same energy. The
red orbit does not react; the green orbit intersects the dividing surface !at the
point marked by the green ball" and hence reacts to the HCN side of the
dividing surface. The lower three panels show the same two trajectories as
their projections to the planes of the normal form coordinates. The light blue
regions mark the projections of the corresponding energy surface. For clar-
ity, the dividing surface !black line segment" and the intersection point of
the green trajectory with the dividing surface !bold green dot" are only
shown in the projection to the plane of the reaction coordinates (q1 ,p1).
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Shown here is the equipotential surface for the three degrees-of-
freedom HCN/CNH isomerization along with example trajectories
that cross to HCN side and stay on the CNH side. The potential
energy is in terms on Jacobi coordinates (r ,R , γ) and low (high)
equipotential values are mapped to dark (light) blue color. Adapted
from Ref. [1].

The phase space structures — such as the dividing surface (shown as
the white translucent surface), normally hyperbolic invariant mani-
fold, its stable and unstable manifolds — associated with the barrier
between the two sides form the skeleton of the reaction dynamics.

Our objective is to identify the high dimensional phase space structures using an isoenergetic two-dimensional
surface.

2. Benchmark system: 3 degrees-of-freedom decoupled Hamiltonian

When the “reactive” and “non-reactive” coordinates are decoupled as presented in Ref. [2], the 3 DoF quadratic
Hamiltonian is given by

H(q1, p1, q2, p2, q3, p3) =
λ

2

(
p21 − q21
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Hr

+
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Hb2

, λ, ω2, ω3 > 0

For a fixed energy H(q1, p1, q2, p2, q3, p3) = h, the dividing surface is defined by q1 = 0 and given by
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p22 + q22,

)
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)
= Hr + Hb1 + Hb2 > 0, Hr > 0, Hb1,Hb2 > 0.

The two hemispheres (p1 > 0 and p1 < 0) “meet” at p1 = 0 along

M(h) :=
ω2

2
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p22 + q22,

)
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p23 + q23,

)
= Hb1 + Hb2 > 0,

which is a normally hyperbolic invariant manifold (NHIM) of geometry S3.

The stable and unstable manifolds of the NHIM are

Wu/s (M(h)) := {(q1, p1, q2, p2, q3, p3) | q1 = p1/q1 = −p1,
ω2

2

(
p22 + q22

)
+
ω3

2

(
p23 + q23

)
= Hb1 + Hb2 > 0

}
.

3. Benchmark system: 3 degrees-of-freedom coupled Hamiltonian

Consider the symplectic transformation

C =

(
03×3 I3×3
−I3×3 J3×3

)
, where 03×3, I3×3, J3×3 are the zero, identity, and the unit matrix, respectively.

This transformation applied to (1) gives a 3 degrees-of-freedom coupled Hamiltonian

H(x , px , y , py , z , pz) =
λ

2
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(−x + px + py + pz)

2 − p2x
]
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2
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2 + p2z
]

For a fixed energy H(x , px , y , py , z , pz) = h, the dividing surface is defined by px = 0 and given by
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= h.

On the dividing surface, the NHIM is defined by −x + px + py + pz = 0 that is py + pz = x , and given by
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= h.

Next, in the coupled coordinates, the stable and unstable manifolds of the NHIM are given by

Wu/s(M(h)) := {(x , px , y , py , z , pz) | x = py + pz/x = 2px + py + pz ,
ω2

2

(
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2 + p2y
)
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2
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)
= h
}
.

4. Method of Lagrangian descriptor

Consider a general dynamical system

dx
dt

= v(x, t), x ∈ Rn , t ∈ R

where v(x, t) ∈ C r (r ≥ 1) in x and continuous in time. Developed in Refs. [3, 4], the Lagrangian descriptor
for an initial condition x0 = x(t0) at time t0 and for an integration time τ is

Mp(x0, t0, τ ) :=

∫ t0+τ

t0−τ

n∑
i=1

|ẋi(t; x0)|p dt

where p ∈ (0, 1] and τ ∈ R+ are freely chosen parameters, and the overdot symbol represents the derivative
with respect to time. We will use p = 0.5 and τ = 10 in this study.

5. Lagrangian descriptor and invariant manifolds: 3 DoF decoupled Hamiltonian

For example, the intersection of the isoenergetic two-dimensional surface

U+
q1p1

= {(q1, p1, q2, p2, q3, p3) | q2 = 0, p2 = 0, q3 = 0, q̇3 > 0 : p3(q1, p1, q2, p2, q3; h) > 0} ,
with the NHIM (1) becomes

M(h) ∩ U+
q1p1

= {(q1, p1, q2, p2, q3, p3) | q1 = 0, p1 = 0, q2 = 0, p2 = 0, q3 = 0, q̇3 > 0 :
p3(q1, p1, q2, p2, q3; h) > 0} .

which is a point at the origin (0, 0) shown in the left most Lagrangian descriptor plot in the panel below.

6. Lagrangian descriptor and invariant manifolds: 3 DoF coupled Hamiltonian

For example, the intersection of the isoenergetic two-dimensional surface

U+
xpx = {(x , px , y , py , z , pz) | y = 0, z = 0, py = 0, pz(x , px , y , py , z ; h) > 0 : ż(x , y , z , px , py , pz) > 0} ,

with the NHIM (1) becomes

M(h) ∩ U+
xpx = {(x , px , y , py , z , pz) | y = 0, z = 0, py = 0, px = 0, py + pz = x ,
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2
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2 + x2
)
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2

(
p2z + x2

)
= h, ż(x , px , y , py , z , pz) > 0 : x > 0

}
.

which is a point on the line px = 0 shown in the left most Lagrangian descriptor plot in the panel below.

Minima and singular features in Lagrangian descriptors on isoenergetic two-dimensional surfaces identify the
NHIM and its invariant manifolds’ intersection with the surfaces. Based on this proof of concept, we are now

turning our focus towards more realistic molecular systems.
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